ABSTRACT. In answer to a question by Becker, Rubel, and Henson, we show that countable subsets of C can be used as complete invariants for Riemann surfaces considered up to conformal equivalence, and that this equivalence relation is itself Borel in a natural Borel structure on the space of all such surfaces. We further proceed to precisely calculate the classification difficulty of this equivalence relation in terms of the modem theory of Borel equivalence relations.
Introduction
In this paper we consider the problem of classifying various classes of complex manifolds. The investigation is completely abstract, since we are not so much concerned with specific schemes of classification and their success or failure, as with considering what kinds of complete invariants could in principle be produced. Here we have in mind that there is a hierarchy of levels of difficulty ofclassifying various mathematical objects and this paper joins Dougherty-Jackson- Kechris Kechris [92] , Kechris [98] , and others, as one more piece in a general project to compare the classification problems across a variety of mathematical disciplines and obtain a language that can contrast their various forms.
At perhaps the simplest level are schemes of classification which provide a single point in some highly concrete space as a complete invariant. In ergodic theory the real number corresponding to the entropy of a Bernoulli shift is a complete invariant for this class of measure preserving transformations. One similarly finds in the theory of Riemann surfaces that compact complex surfaces considered up to conformal equivalence may be cataloged as points in highly concrete spaces.
The work below came about after we saw the following theorem: THEOREM 1.1 ). There is no "reasonably concrete space" X and "reasonably intrinsic" or "reasonably definable" assignment from 79, the collection of complex domains, such that for any two R, Rz 79, R1 R2 : f(R1)--f(R2).
In other words, there is no reasonable way to assign points in X as complete invariants for complex domains considered up to conformal equivalence.
Of course the phrases "reasonably concrete space" and "reasonably intrinsic assignment" are deliberately vague. For the purposes of this introduction we simply ask that the reader accept that this can and will be made precise, that the various ways in which one might do so are not subject to serious controversy, and that all the competing explications of these phrases give rise to similar outcomes. Indeed while one may have doubts about how a definition of such concepts should be crafted, it should certainly be clear that for instance the space of all subsets of C is not sufficiently concrete and that a function obtained by invoking the axiom of choice to well order the complex domains and then thus armed producing an injection from 7) into the ordinals or into C or into 790 (C) (the set of all countable subsets of C) can not be considered "reasonably intrinsic" or "reasonably definable".
Perhaps in passing we can mention that for us "reasonably concrete space" means something like a Polish space or a standard Borel space, and that for us a "reasonably definable function" means something like a function that is Borel measurable from some standard Borel space of parametrizations. More generously one may consider, as in the Ulm invariants from abelian group theory (see Kaplansky [69] ), spaces such as the set of all countable subsets of the first uncountable ordinal, or equivalently, countable transfinite sequences from C, and functions that are universally Baire measurable, or projective, or even ordinal definable from reals. As we discuss in Section 5.C, Theorem 1.1 survives in some form even in these contexts. Our first concern is the extent to which classification may be obtained if we consider invariants more general than a single point in some space. In direct response to a question by Becker, Rubel, and Henson, we show that countable unordered subsets of C can provide complete invariants for 7"Z, the class of all Riemann surfaces: THEOREM 1.2. There is a "reasonably definable"function f: --+ 7Po(C), from the Riemann surfaces to countable subsets of C, such that for any two R, R, gl "-g2 f(gl) f(R2). In other words, there is a "reasonably definable" way to assign countable subsets of a concrete space as complete invariants for Riemann surfaces considered up to conformal equivalence.
One might draw an analogy between this result and the Halmos-von Neumann [42] invariants for discrete spectrum ergodic measure preserving transformations. There, as here, there is no reasonable method to assign points in say C as complete invariants, but the countable subset of C corresponding to the eigenvalues completely classifies an ergodic discrete spectrum measure preserving transformation up to isomorphism. The proof of 1.2 in 4.A below is based on an abstract method and does not seem to provide "geometrically meaningful" invariants f (R). One can wonder if it is possible to sharpen this theorem by providing such invariants.
The method of proof in 4.A below actually gives a much better upper bound on the complexity of conformal equivalence for Riemann surfaces and in 4.B we show that this is precise. THEOREM 1.3 . The classification problem for Riemann surfaces considered up to conformal equivalence is "equal in difficulty" to that of the universal countable Borel equivalence relation, Eo.
Here "equal in difficulty" indicates that each equivalence relation can be embedded in the other using a function that is Borel measurable in some suitable space of parameters. Eoo is known to have a number of instantiations. For instance, it can be realized as the orbit equivalence relation produced by the shift action of F2 (the free group on 2 generators) on 2 F2 {f f: F2 --+ {0, 1}}, or as isomorphism on finitely branching trees (Jackson-Kechris-Louveau [9?]), or (very recently, ThomasVelickovic [99]) isomorphism on finitely generated groups.
Put another way, this means that the "moduli space" of all Riemann surfaces is "Borel equivalent" to the very complicated quotient space 2F2/Eoo. Actually, as it follows from the proof of 1.3 given in Section 4 below, this holds as well for Riemann surfaces homeomorphic to the infinitely punctured plane, i.e., C \ S, where S c_ C is infinite discrete. Thus this gives a precise measure of the set theoretic complexity of the moduli space of these Riemann surfaces. It is much more complex than the moduli spaces of finitely punctured compact Riemann surfaces, which are fairly "concrete" and admit a rich geometrical structure.
Finally, the higher dimensional case is discussed in Section 6. Here we provide a new lower bound on the complexity of biholomorphism, and indicate a sense--which when translated into the theory of Borel equivalence relations can be made totally precisemin which the passage from complex dimension 1 to complex dimension 2 brings an increase in classification difficulty. The (iii) Any G subset of a Polish space is Polish (see Kechris [95, 3C] n the parameter space of n-dimensional complex manifolds. The construction of ./n and the verification that it has a number of reasonable properties that we will need in various parts of this paper is technically cumbersome, although mathematically rather shallow. We will thus postpone the precise definition and verification of these facts until 7. In our proofs between now and then we will simply state as lemmas the various facts about this coding that we need and return to their proofs in 7.
To start off, the following fact gives an upper bound for the complexity of biholomorphic equivalence. For n 1 we will let A/t be denoted by 7, and by R (for Riemann surfaces) and we will see in 4 that actually R is Borel, i.e., the relation of conformal equivalence of Riemann surfaces is Borel (in the parameters). However we doubt if this is true in higher dimensions. CONJECTURE 3.4. For n > 2, the biholomorphic equivalence relation n of ndimensional complex manifolds (in the parameters) is not Borel.
In this paper we will also discuss a particular class of Then letting E-be the orbit equivalence relation induced by the action of Aut(M) on ."(/2), for Z, w U" we have
i.e., (R) < E" and since E-_< E we have that (R) <B E.
The drawback of this approach is that the construction of the function F in (ii) above, although intuitively rather clear, involves some messy computations, which we don't want to commit to print. So we will follow an alternative, somewhat indirect, approach that will minimize the technicalities.
We will use the following criterion (a proof of which can be found in Hjorth [9?a, 5.2]). PROPOSITION 4.4 (Kechris) . For a Borel equivalence relation E on a standard Borel space X, the following are equivalent: (a) g is Borel;
(b) P is Borel.
Indeed, from (b) and the fact that every section of P is countable, we can find a Borel function f: 7 ---> Y such that f uniformizes P, i.e., P(z, f (z)) for any z e R. Then clearly f satisfies condition (ii) of 4.4 and so by (a) above we can apply 4.4 to conclude that () _<B Eoo.
Proof of(a). We need the following lemma concerning our parametrization, which will be proved in 7. (-----o) .
We will now proceed to the construction of A SA.
Consider the group PSL(2, Z) of all integer matrices in PSL(2,/R) Ant(H). This acts properly discontinuously on H, thus each orbit of this action is a discrete subset of H (see, e.g., Katok Clearly r(Sa) zr(Sn). Next we will find g F2 such that n: g. To find this g consider zr(x)). For some g, r(x) x( i), {0, 1, 2, 3}. We want to argue that 0, i.e., rr(x ) xg (). So assume 0, towards a contradiction. Let us look at zr(xi'). We have p(r(xi'), x(g i') p(rr(xli'), rr(x')) p(xi', x ') < , so as p(X(g i', xg (') < , clearly p(r(xi)), Xg () < , so that nr(x1) must be one of X(gj', j {0, 1, 2, 3}, j i. Thus, p(x i), X(gj) ij P(X , x i) eoi, so, by the choice of the ij, we must have j 0, i.e., nr(x ) Xg i), 7t'(X 1)) Xg (0). Then let j {1, 2}, j i, andconsiderrr(xJ)). Again it must be one of the xk) k : i, 0. But then "kO P(X(g k), x(g 0)) P(Tr(xJ)), 71"(xi))) P(Xl j), xl i)) 6ji, a contradiction.
So rr(x 0)) x 0). Then since p(rr(xl)),xg )) p(x1), x )) ;10 we must have zr(x 1)) xg 1) and similarly zr(x 2)) xg 2). Thus 7(xi)) g(x[i)), {0, 1, 2}. (ii) The set Rtj {(x, y) X 2" t(x) _< c(y)} has the universal Baire property in X2.
Here a set has the universal Baire property if its preimage by any Borel function (on any Polish space) has the Baire property and a function is universally Baire measurable if its pre-composition with any such Borel function is Baire measurable.
Recall that E0 is the equivalence relation on 2 r given by x Eoy BnYm > n(x(m) y(m)). Then it is a folklore fact that E0 is not Ulm-classifiable. To see this, first recall that Eo is genetically ergodic in the sense that any E0-invariant set with the property of Baire is either meager or comeager. Now assume that U" 2 r --+ 2<t verifies that E0 is Ulm-classifiable. By the Kuratowski-Ulam Theorem (see Kechris [95]) applied to Rt, there is some or0 < col, with A non-meager. Thus of Aut(C) on the standard Borel space of discrete subsets of C (a Borel subset of .T'(C)). We will use this fact to show that conformal equivalence on the domains of the form C \ S is actually < n E.
To see this, we will use the theory of amenability of countable Borel equivalence relations; see, e.g., Kechris ). Next we will use the fact that Aut(C), the "az + b" group, is solvable, thus amenable, and so it has a F61ner sequence {Kn}. Thus {K, is a sequence of compact subsets of Aut(C) which have the following properties, where Z is the left-invariant Haar measure on Aut(C): E0 n E(Z, 2)1 (p(Z) \ {13}), from which it follows that E0 is <B the conformal equivalence of planar domains of the form C \ S, S a discrete subset of C. We in fact conjecture the following. CONJECTURE 5.1. The conformal equivalence relation on planar domains of the form C \ S, S discrete in C, is "B Eo.
Notice also that, as in 5.B above, the conformal equivalence relation on planar domains of the form C \ S, S discrete, is not Ulm-classifiable. 
5.D. As in Becker-
Thus Q is Borel and each section Q is countable, nonempty, so let F: C3 ---> T be Borel with (z, F(z)) Q. Then z --R W F(z)EcF(w), so R If3 ) Ec, and we are done.
Complex manifolds
We will see here that for n > 2 the biholomorphic equivalence relation on ndimensional complex manifolds is much more complicated than that of Riemann surfaces. We have the following result: THEOREM 6.1. For n > 2 the relation of biholomorphic equivalence --n of ndimensional complex manifolds (in the parameters) does not admit classification by countable structures.
Proof. It is enough to consider the case n 2. The proof will be an application of the theory of turbulence, a consequence of which is the following result. Thus it will be enough to find such an H with EH <_B ('2).
Consider the unit disk ]I) and the group HD of all holomorphic functions f" ]1) ---> C with pointwise addition. It is easy (using, e.g., Rudin [66, 10.27] ) to see that with the topology of uniform convergence on compacts this is a Polish group. Consider the closed subgroup H of all f 6 HD such that f(1/n) ]R for all n 6 N, n > 2. Define p" H IR r by p(f) (f(n--))" Then p is a continuous homomorphism from H into ]R r and so p(H) H is a Polishable subgroup of ]R N (see BeckerKechris with the obvious chart. The following easy fact about our parametrization will be checked in 7. Since precompactness can be phrased in terms of being e-bounded for every rational e > 0, this is a Borel subset of X, and thus X0 is a standard Borel space. It is also seen that X (Yi,i') will be locally compact for each (Yi,i') in X0. By a basic open set in C n we mean a ball with rational center and radius. (i) (yi,i') Xo.
(ii) Ai 2 r (which we equip with the product topology and identify with the set of all subsets of N).
(iii) i,i' cn. M is a subset of the standard Borel space X0 x (2r) r x (cn) rl x (y)rxl and so we endow it with the relative Borel structure. To see it is a standard Borel space we only need check that it is a Borel subset, and the first issue here is whether 7.6 (vi) corresponds to a Borel condition; this in turn follows using the precompactness of {at" Aj }, as in the proof of 7.2. We also need to be concerned with showing (i) Vi is the union of {Vi,j" j N}. (ii) and (iii) are clearly Borel; local compactness of the space gives the same conclusion for (i). The significance of (iii) is to ensure that the partial functions knit together in a well-defined fashion and yield a holomorphic function from Mp to Mq.
So given (Vi,j, Wi,j, lPi,j, k(i, j)))i,jeNxN as above we define extending the assignment (at) ((i,j))-I (fi,j(i,l)) for/ Vi,j. There is the further concern that all these steps can be performed in the Borel context, but this is routine and resembles earlier calculations.
Recall that for x ]R N we let M(x) be the complex manifold endowed with the inherited complex structure. 
